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Abstract
In this note we study a class of finite groups for which the orders of
subgroups satisfy a certain inequality. In particular, characterizations
of the well-known groups Z2 × Z2 and S3 are obtained.
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1 Introduction
Let G be a finite group, L(G) be the subgroup lattice of G and
σ1(G) =
∑
H∈L(G)
|H|
|G|
=
∑
H∈L(G)
1
|G : H|
.
The starting point for our discussion is given by the paper [1], where the
groups G with σ1(G) ≤ 2 have been determined. Recall also several basic
properties of the function σ1:
- if G is cyclic of order n and σ(n) denotes the sum of all divisors of n,
then σ1(G) =
σ(n)
n
;
- σ1 is multiplicative, i.e. if Gi, i = 1, 2, . . . , m, are finite groups of
coprime orders, then σ1(
∏m
i=1Gi) =
∏m
i=1 σ1(Gi);
1
- σ1(G) ≥ σ1(G/H), ∀H EG.
By refining the proof of Theorem 1 of [1], in the current paper we will
determine the finite groups G satisfying σ1(G) ≤ 2 +
4
|G|
. Our main result is
the following.
Theorem 1. Let G be a finite group of order n. Then:
a) σ1(G) < 2 +
4
n
if and only if G is cyclic and σ(n) < 2n + 4 or G ∼=
Z2 × Z2;
b) σ1(G) = 2+
4
n
if and only if G is cyclic and σ(n) = 2n+4 or G ∼= Z3×Z3
or G ∼= S3.
Two nice characterizations of Z2 × Z2 and S3 can be inferred from the
above theorem.
Corollary 2. Z2 × Z2 is the unique non-cyclic group G satisfying σ1(G) <
2+ 4
|G|
, while S3 is the unique non-abelian group G satisfying σ1(G) = 2+
4
|G|
.
By Theorem 1 of [1], a finite group G with σ1(G) ≤ 2 is cyclic of deficient
or perfect order. Also, in Lemma 4 below we will show that a finite group
G with σ1(G) < 2 +
4
|G|
is always nilpotent. Inspired by these results, we
came up with the following natural problem: is there a constant c ∈ (2,∞)
such that if σ1(G) < c then G is nilpotent? The answer to this problem is
negative, as shows our next theorem.
Theorem 3. There are sequences of finite non-nilpotent groups (Gn)n∈N such
that σ1(Gn)ց 2 for n→∞.
Finally, we note that an interesting open problem is whether there is a
constant c ∈ (2,∞) such that if σ1(G) < c then G is solvable.
Most of our notation is standard and will not be repeated here. Basic
definitions and results on groups can be found in [3]. For subgroup lattice
concepts we refer the reader to [2] and [4].
2 Proof of the main results
We start by proving two auxiliary results.
Lemma 4. Let G be a finite group. If σ1(G) < 2 +
4
|G|
then G is nilpotent,
while if σ1(G) = 2 +
4
|G|
then G is nilpotent or G ∼= S3.
2
Proof. Assume that σ1(G) < 2+
4
|G|
and G is not nilpotent, that is it contains
a non-normal maximal subgroup M . Then M coincides with its normalizer
in G and so it has exactly r = |G : M | conjugates, sayM1,M2, ...,Mr. On the
other hand, L(G) cannot consist only of 1, G and M1,M2, ...,Mr. Therefore
there is N ≤ G such that N 6= 1, G,M1,M2, ...,Mr. Since
2 +
4
|G|
> σ1(G) ≥
1 + r|M |+ |N |+ |G|
|G|
= 2 +
|N |+ 1
|G|
,
it follows thatN is a normal subgroup of order 2 and L(G)={1, G,M1,M2, ...,
Mr, N}. Then either N ⊂Mi, ∀ i = 1, 2, ..., r, or N ∩Mi = 1, ∀ i = 1, 2, ..., r.
We infer that G is either a 2-group or a cyclic group of order 2p for some
odd prime p, a contradiction.
Assume now that σ1(G) = 2 +
4
|G|
and G is not nilpotent. Then, under
the above notation, we must have |N | = 3 and thus G is a group of order
3q for some prime q. Clearly, the conditions r | 3 and r ≡ 1 (mod q) imply
r = 3 and q = 2. Hence G ∼= S3, completing the proof.
Lemma 5. Let G be a non-cyclic p-group. If σ1(G) < 2 +
4
|G|
then G ∼=
Z2 × Z2, while if σ1(G) = 2 +
4
|G|
then G ∼= Z3 × Z3.
Proof. Let |G| = pn and G/Φ(G) ∼= Zkp. Then 2 ≤ k ≤ n. Assume that
σ1(G) ≤ 2 +
4
pn
and denote by ak,p(i) the number of subgroups of order p
i in
Z
k
p, i = 0, 1, ..., k. If k ≥ 3 then
σ1(G) ≥
1
pn
(
ak,p(0)p
n−k + ak,p(1)p
n−k+1 + ak,p(k − 1)p
n−1 + ak,p(k)p
n
)
=
1
pk
(
ak,p(0) + ak,p(1)p+ ak,p(k − 1)p
k−1 + ak,p(k)p
k
)
=
1
pk
(
1 +
pk − 1
p− 1
p +
pk − 1
p− 1
pk−1 + pk
)
>
1
pk
(
1 + 4pk
)
> 4 > 2 +
4
pn
,
contradicting our hypothesis. Consequently, k = 2. For n > 2 we infer that
2 +
4
pn
≥ σ1(G) ≥
1 + (p+ 1)pn−1 + pn−2 + pn
pn
,
3
which leads to
4 ≥ pn−1 + pn−2 + 1,
a contradiction. Therefore n = 2, i.e. G ∼= Zp × Zp. Moreover, we have
2 +
4
p2
≥ σ1(G) =
1 + (p+ 1)p+ p2
p2
⇐⇒ 4 ≥ p+ 1⇐⇒ p ∈ {2, 3}.
Thus G ∼= Z2 × Z2 for σ1(G) < 2 +
4
p2
and G ∼= Z3 × Z3 for σ1(G) = 2 +
4
p2
,
as desired.
We are now able to prove our main results.
Proof of Theorem 1. a) Assume that σ1(G) < 2 +
4
n
. Then G is nilpotent
by Lemma 4, which implies that it can be written as a direct product
of its Sylow pi-subgroups:
G ∼=
m∏
i=1
Gi. (∗)
For every i = 1, 2, ..., m, we have
σ1(Gi) ≤ σ1(G) < 2 +
4
n
≤ 2 +
4
|Gi|
.
By Lemma 5 it follows that either Gi is cyclic or Gi ∼= Z2 × Z2. We
infer that either G is cyclic or G ∼= Z2×Z2×Zn′ for some odd positive
integer n′. Suppose that G is not cyclic. If n′ > 1 we obtain
2 +
1
n′
= 2 +
4
n
> σ1(G) = σ1(Z2 × Z2)σ1(Zn′) =
11σ(n′)
4n′
,
or equivalently
11σ(n′) < 8n′ + 4 ,
a contradiction. Thus n′ = 1 and G ∼= Z2 × Z2.
b) Assume that σ1(G) = 2 +
4
n
and G 6∼= S3. Then G is nilpotent by
Lemma 4 and so it has a direct decomposition of type (∗). For m ≥ 2
we have
σ1(Gi) ≤ σ1(G) = 2 +
4
n
< 2 +
4
|Gi|
, i = 1, 2, ..., m,
4
and again every Gi is cyclic or isomorphic to Z2 × Z2 by Lemma 5.
Therefore either G is cyclic or G ∼= Z2×Z2×Zn′ for some odd positive
integer n′. In the second case the condition σ1(G) = 2 +
4
n
leads to
11σ(n′) = 8n′ + 4 ,
a contradiction. For m = 1 it follows that G is a p-group, and con-
sequently it is cyclic or isomorphic to Z3 × Z3 by Lemma 5. This
completes the proof.
Proof of Theorem 3. Let (pn)n∈N be the sequence of prime numbers. By
Dirichlet’s theorem we infer that for every n ∈ N there is a prime qn such
that pn | qn − 1. Let Gn be the non-nilpotent group of order pnqn. This
contains one subgroup of order 1, qn subgroups of order pn, one subgroup of
order qn, and one subgroup of order pnqn. Then
σ1(Gn) =
1 + pnqn + qn + pnqn
pnqn
= 2 +
1 + 1
qn
pn
,
and clearly σ1(Gn)ց 2 for n→∞, as desired.
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